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1 .�V´n�î¼�m. éu?¿x,y ∈V ,e�·K�Ø�´ . B

(A) |x+ y| ≤ |x|+ |y| (B) |x+ y|= |x|+ |y|��=�x,y�5�'

(C) (x,y)2 ≤ (x,x)(y,y) (D) (x,y)2 = (x,x)(y,y)��=�x,y�5�'

2 .�V1,V2 ´n�î¼�mV �f�m,�V1 ⊆V2. Pd = dimV1 +dimV⊥2 . e�`{�(

�´ . A

(A) d �U�un (B) d �U�un

(C) d �½�un (D) d �½�un

3 .�ϕ ´k��î¼�mV �é¡C�,Ke�·K¥�(�k �. D

(a) ϕ �A���´¢ê (b) ϕ 3V �,�Äe�Ý
´é�Ý


(c) ϕ �áuØÓA���A��þ7�� (d)é?¿X ,Y ∈V , (ϕ(X),Y ) = (ϕ(Y ),X)

(A) 1 (B) 2 (C) 3 (D) 4

4 .�g. f (x1,x2,x3) = (x1 + x2)
2 +(x2 + x3)

2− (x3− x1)
2 ��.5�ê�K.5�ê�

g� . B

(A) 2,0 (B) 1,1 (C) 2,1 (D) 1,2

5 . �A ´3 �¢é¡Ý
, E ´3 �ü Ý
. eA2 +A = 2E, �det(A) = 4, K�g

.XTAX �5�/� . C

(A) y2
1 + y2

2 + y2
3 (B) y2

1 + y2
2− y2

3 (C) y2
1− y2

2− y2
3 (D) −y2

1− y2
2− y2

3

6 .�A�n�¢é¡Ý
,�÷vA�−AÜÓ,Ke�·K¥�Ø�´ . B

(A) A���½´óê (B) n�½´óê

(C) A�ÎÒ��" (D) AÜÓu−2A
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�!W�K: (18©. zK3©,�6K)

1 .�ξ1,ξ2, · · · ,ξn ´î¼�mV �����Ä,KV ¥�þα 3ù�Äe�1i��I©

þ� . (α,εi)
(εi,εi)

2 .�A�4���Ý
,�÷vA�12113����−1. K�§|AX = (0,1,0,0)T�

)� . (0,0,−1,0)T

3 .�v =
(√

3
3 ,
√

3
3 ,
√

3
3

)T
, M = E3−2vvT. KM����qIO/� . diag(1,1,−1)

4 .�g. f (x1,x2,x3) = (x1,x2,x3)


1 2 0

0 2 2

0 0 1




x1

x2

x3

��� . 2

5 .�A´5�¢é¡Ý
,÷vA2+3A=O,�r(A)= 3,KA3Cþ�ÜÓ5�/´ ;

3Rþ�ÜÓ5�/´ . diag(E3,O); diag(−E3,O)

6 .�A =


3 −2 0

−2 2 −2

0 −2 1

,K¦A+ tE �½�¢êt ������ . (1,−∞)

n!(12©)�A´3�Ø�_¢é¡Ý
,�X1 = (1,−2,1)T, X2 = (−1,a,1)T ©O�A�áuA

��λ1 = 1Úλ2 =−1�A��þ.

(1)¦¢êa9Ý
A;

(2)O�A2026Y ,Ù¥Y = (1,1,1)T.

) (1) ({�)Ï�XT
1 X2 = 0,¤±a = 0.

Ï�AØ�_, ¤±A�kA��0. qÏ�A¢é¡, ¤±0A���A��þX3�X1, X2�

�,(Ü®�,��X3 = (1,1,1)T. Ïd

A = (X1,X2,X3)diag(1,−1,0)(X1,X2,X3)
−1 =


−1

3 −1
3

2
3

−1
3

2
3 −1

3
2
3 −1

3 −1
3


({�) X{��a = 0±9AkA��0. Ï�A¢é¡, ¤±�3��Ý
Q, ¦�Q1AQ =

QTAQ= diag(1,−1,0).PQ=(α1,α2,α3), α1 =
X1
|X1| =( 1√

6
,− 2√

6
, 1√

6
)T, α2 =

X2
|X2| =(− 1√

2
,0, 1√

2
)T,

KA = Qdiag(1,−1,0)QT = αT
1 α1−αT

2 α2 =


−1

3 −1
3

2
3

−1
3

2
3 −1

3
2
3 −1

3 −1
3

.
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(2) Ï�AY = 0,¤±A2026Y = 0.

~��Ø ��-Q = (X1,X2,X3).

o!(12©)�¢�g.

f (x1,x2,x3) = ax2
1 +4x1x2−4x1x3 +5x2

2−8x2x3 +5x2
3

²L���5O�X = QY z�IO/

f = y2
1 + y2

2 +10y2
3.

(1)¦~êa;

(2)¦��Ý
Q.

) (1) d®���g.Ý
A =


a 2 −2

2 5 −4

−2 −4 5

, ���qudiag(1,1,10), ¤±trA =

a+5+5 = 12,�a = 2.

(2) A�A���1,1,10.

�λ = 1�, (E−A)X = 0�Ä:)XX1 = (−2,1,0)T, X2 = (2,0,1)T.

�λ = 10�, (10E−A)X = 0�Ä:)X�X3 = (−1,−2,2)T.

��z�

Y1 = X1 = (−2,1,0)T, Y2 = X2−
(X2,Y1)

(Y1,Y1)
Y1 = (

2
5
,
4
5
,1)T,

ü z�

Z1 =
Y1

|Y1|
= (− 2√

5
,

1√
5
,0)T, Z2 =

Y2

|Y2|
= (

2
3
√

5
,

4
3
√

5
,

5
3
√

5
)T, Z3 = (−1

3
,−2

3
,
2
3
)T.

¤±Q = (Z1,Z2,Z3) =


− 2√

5
2

3
√

5
−1

3
1√
5

4
3
√

5
−2

3

0 5
3
√

5
2
3

.

5 QØ��,X


2√
5
− 2

3
√

5
−1

3

0 5
3
√

5
−2

3
1√
4

4
3
√

5
2
3

,


0 4

3
√

2
−1

3
1√
2
− 1

3
√

2
−2

3
1√
2

1
3
√

2
2
3

,


−2

3
2
3 −1

3
2
3

1
3 −2

3
1
3

2
3

2
3

�.

~��Ø1 Ä:)XO��Ø.

~��Ø2 Schmidt��zO��Ø,ü zO��Ø.
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Ê!(12©)�A�n���Ý
,�A+E �_£Ù¥E �n�ü Ý
¤.

(1)¦Ý
A����qIO/;

(2)y²�3��Ý
B,¦�B2 = A.

(
!�,éRL,���,�)÷,�g<,¤º¡,w�Æ,H��,¾±ü,ÎUH,û��,

'��,�)Ó,��9,6Æò,o¿*,o©ó,o%�,o��,o��,ëLâ,4�õ,

4!Æ,4��,4�¢,#�X,î���,�õc,$Zì,¤�>,!!Õ,�q6,�Ó

�,�²ì,�ôÆ,�!,,±�L,Çd�,N>%,
L�,Ù!,,cWj,Ü��,Ü�

�,Ü�,Ü¢Ù,Üd,ÜdÆ,Üù�,ë¡,x~,±;#,±ñ;�)

y² (1) Ï�A´��Ý
,¤±diag(Es,−Et ,C1,C2, · · · ,Cl),Ù¥Ci =

(
cosθi −sinθi

sinθi cosθi

)
,

i = 1,2, · · · , l.

qÏ�A+E�_,¤±−1Ø´A�A��,�3��Ý
Q,¦�

Q−1AQ = QTAQ = diag(Es,C1,C2, · · · ,Cl).

(2) -Si =

(
cos θi

2 −sin θi
2

sin θi
2 cos θi

2

)
, i = 1,2, · · · , l. �B = Qdiag(Es,−Et ,S1,S2, · · · ,Sl)QT,KB´�

�Ý
,�B2 = A.

~��Ø ¢¦��Ý
�A���Eê��/.

8!(10©)�A´n�¢é¡�½Ý
, B´n×m¢Ý
. y²: BTAB�½�¿�^�´r(B) =

m.

(x�Ò,é«L,é¸Z,�æ�,��L,��º,�R�,wàh,¶Æ,G#�,[á<,p

½Z,HH,H�Ó,HÂÉ,Ûï�,�)Æ,�é�,��ª,oZh,oR,
�è,�wd,

4ù�,ºy�,êf�,$dá,£öÚ,>,
,�#n,��9,Ç(,�dÀ,3<�,M

fº,
hÐ,
`W,��,ÜµÕ,ëæ�,xS�,x�,xóo,x�ë,6©7�)

y²7�5 ({�)dA¢é¡��3�_Ý
P,¦�A = PTP. �BTAB = (PB)T(PB).

Ï�BTAB�½,¤±�_,ÏdqPB´¢Ý
,¤±r(B) = r(PB) = r((PB)T(PB)) = r(BTAB)

= m.

({�)dBTAB�½,¤±BTAB�_, r(BTAB) = m.

qdr(BTAB)≤ r(B), B´n×mÝ
,¤±m = r(BTAB)≤ r(B)≤ m,Ïdr(B)≤ m.

({n)�y{. er(B) 6= m,Kr(B)< m,�3X0 6= 0,¦�BX0 = 0, XT
0 BTABX0 = 0,�BTAB�

½gñ.
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¿©5 ({�)w,BTAB¢é¡,�é?¿0 6= X ∈ Rm,Ï�r(B) = m, P�_,¤±PBX 6= 0,

XTBTABX > 0. �BTAB�½.

({�)w,BTAB¢é¡,é?¿X ∈ Rm, XTBTABX = (BX)TA(BX)≥ 0. ÏA�½,�þª�

u"¤á�¿�^�´BX = 0.

qÏr(B) = m,¤±X = 0. �BTAB�½.

({n) Ï�r(B) = m, ¤±�3�_nÝ
PÚm��_Ý
Q, ¦�B = P

(
Em

O

)
Q. Ï

dBTAB = QT(Em,O)PTAP

(
Em

O

)
Q.

Ï�A�½, P�_,¤±PTAP�½,¤±§�m�^SÌf
Am�½.q(Em,O)PTAP

(
Em

O

)
=

Am,(ÜQ�_, BTAB = QTAmQ�½.

~��Ø1 ��ÑBTAB¢é¡.

~��Ø2 ���r((PB)T(PB)) = r(PB),��ÑPB´¢Ý
.

~��Ø3 Ï�B�÷�,¤±�3�_Ý
Q,¦�BQ = (Em,O)T. AU��3�_Ý
P,

¦�BQ = (Em,O)T. ½�3�_Ý
PÚQ,¦�PBQ = (Em,O)T

Ô!(10©)�ϕ ´î¼�mV þ����¡C�,=é?¿�α,β ∈V ,Ñk

(ϕ(α),β )+(α,ϕ(β )) = 0.

y²:

(1) ϕ ´�5C�;

(2) ϕ− idV ´�_C�,Ù¥idV ´ð�C�;

(3) (ϕ + idV )(ϕ− idV )
−1´��C�.

(ù�#,�w²,�[,,�ÙW,�­�,�¡�,p(â,�ù�,� �,û7n,]��,

�J,�9ð,�[Ó,
Z�,Öx¹,�Ó²,��,M�|,i�n,Ü©�,Ü�,Ü��,

Ás��)

y² (1) é?¿c ∈ R, α1,α2,β ∈V ,

(ϕ(cα1 +α2),β )− (cϕ(α1)+ϕ(α2),β ) =−(cα1 +α2,ϕ(β ))+(cα1,ϕ(β ))+(α2,ϕ(β )) = 0,

¤±ϕ(cα1 +α2) = cϕ(α1)+ϕ(α2).

15�,�8�
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(2) ({�)��y²ϕ− idV´ü�. =d(ϕ− idV )(α) = 0,y²α = 0.

¯¢þ,e(ϕ− idV )(α) = 0,=ϕ(α) = α ,(Ü®�^�k

2(α,α) = (ϕ(α),α)+(α,ϕ(α)) =−(α,ϕ(α))+(α,ϕ(α)) = 0,

¤±α = 0.

({�)��y²1Ø´ϕ�A��=�.

eØ,, �A´ϕ3V�,IO��Äe�Ý
, 1´A�A��, X´�AA��þ. @

oXTAX = XTX . XTAX�ê,�uÙ=�,=XTATX = XTAX .

qd®�kAT =−A,¤±XTATX =−XTAX =−XTX ,l
XTX = 0,gñ.

({n)�A´ϕ3V�,IO��Äe�Ý
. d®��A´�¡Ý
.

d1lÙESKC4�, A�A��½�0,½�XJêib,Ù¥0 6= b ∈ R,l
ϕ − idVA��

��",Ïd�_.

({o)�ξ1,ξ2, · · · ,ξn´V�IO��Ä, ϕ3TÄe�Ý
´A, @oϕ − idV3TÄe�Ý


´A−E,��y²(A−E)(A−E)T�½,=�ϕ− idV �_.

Äk, (A−E)(A−E)T¢é¡.

Ùg,d®��AT =−A. Ké?¿0 6= X ∈Rn, XT(A−E)(A−E)TX = (AX)T(AX)+XTX > 0,

�(A−E)(A−E)T�½,Ïdϕ− idV�_,�ϕ− idV�_.

(3) Pτ = (ϕ + idV )(ϕ− idV )
−1.

({�)é?¿α,β ∈V ,dϕ− idV�_��3X ,Y ∈V ,¦�α = (ϕ− idV )X , β = (ϕ− idV )Y ,

(τ(α),τ(β )) = ((ϕ + idV )X ,(ϕ + idV )Y )

= (ϕ(X)+X ,ϕ(Y )+Y )+(ϕ(X),ϕ(Y ))+(X ,ϕ(Y ))+(ϕ(X),Y )+(X ,Y )

= (ϕ(X),ϕ(Y ))+(X ,Y )

(α,β ) = ((ϕ− idV )X ,(ϕ− idV )Y )

= (ϕ(X)+X ,ϕ(Y )+Y )− (ϕ(X),ϕ(Y ))− (X ,ϕ(Y ))+(ϕ(X),Y )+(X ,Y )

= (ϕ(X),ϕ(Y ))+(X ,Y )

¤±(τ(α),τ(β )) = (α,β ),Ïdτ��.

({�)�ξ1,ξ2, · · · ,ξn´V�IO��Ä, ϕ3TÄeÝ
´A,Kd®��A´�¡Ý
. τ3

TÄeÝ
´B = (A+E)(A−E)−1,�

BTB = (A−E)−T(A+E)T(A+E)(A−E)−1 = (−A−E)−1(−A+E)(A+E)(A−E)−1

= (−A−E)−1(A+E)(−A+E)(A−E)−1 = E.

16�,�8�
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Ïdτ´��C�.

({n)Ï�ϕ´�¡C�,d1lÙESKC4�, �3IO��Äξ1,ξ2, · · · ,ξn, ¦�ϕ3T

Äe�Ý
´D = diag(0,0, · · · ,0,B1,B2, · · · ,Bl),Ù¥Bi =

(
0 −bi

bi 0

)
. K

(Bi +E)(Bi−E)−1 =

(
1 −bi

bi 1

) − 1
1+b2

i

bi
1+b2

i

− bi
1+b2

i
− 1

1+b2
i

=

 −1+b2
i

1+b2
i

2bi
1+b2

i

− 2bi
1+b2

i

−1+b2
i

1+b2
i


´��Ý
,Ïd(D+E)(D−E)−1´��Ý
,l
τ´��C�.

~��Ø1 �ξ1,ξ2, . . . ,ξn´V���Ä, d(ϕ(α),β )+ (α,ϕ(β )) = 0, Kϕ3TÄeÝ
´

�¡Ý
.

~��Ø2 (2)¥, e(ϕ − idV )α1 = (ϕ − idV )α2, Ké?¿β ∈ V , (α1−α2,(ϕ − idV )β ) =

(−(ϕ− idV )(α1−α2),β ) = 0,¤±α1 = α2. Ay²é?¿β ∈V ,þk(α1−α2,β ) = 0,âU

��α1 = α2.

l!(8©)�A�n�¢�_é¡Ý
,y²: A��½Ý
�¿�^�´é?¿��½Ý
Bo

ktr(AB)> 0.

(��,�f$,Hf{,�x²,o�ù,�d ,4e�,4fÀ,�f$,Ç%L,
ö,�Ó

�,Üd,Áô��)

y²7�5 ({�)Ï�A�½,¤±�3�_Ý
C,¦�A = CCT. é�½Ý
B,�3�

_Ý
D,¦�B = DDT. Ïd

tr(AB) = tr(CCTDDT) = tr(CTDDTC) = tr((DTC)T(DTC))> 0.

({�)Ï�A�½,¤±�3�_Ý
C,¦�A =CCT. @o, C−1ABC =CTBC.

��¡, AB�quCTBC,¤±AB�A���CTBC�A���Ó,��λ1,λ2, · · · ,λn.

,��¡, Ï�CTBCÜÓuB, �B�½, ¤±CTBC(=AB)�A��λi > 0. l
tr(AB) =

∑
n
i=1 λi > 0.

¿©5 ({�) �y{. eA��½, ÏA¢�_é¡, ¤±�3�_Ý
P, ¦�A =

Pdiag(Ep,−Eq)PT,Ù¥q > 0.

�k = max{1, p− q+ 2}, B = (PT)−1E(n(k))P−1,Ù¥E(n(k))´�{Ý
,KB�½,�AB =

Pdiag(Ep,−Eq−1,−k)P−1,d�tr(AB) =−k+ p−q+1 < 0,gñ.

({�)�y{.eA��½,ÏA¢�_é¡,¤±�3�_Ý
P,¦�A=Pdiag(Ep,−Eq)PT,

Ù¥q > 0.
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�c=
[

p
q

]
+1, B=(PT)−1diag(Ep,cEq)P−1,KB�½,�AB=Pdiag(Ep,−cEq)P−1,d�tr(AB)=

p− cq < 0,gñ.

({n)�y{.eA��½,ÏA¢�_é¡,��3��Ý
Q,¦�A=Qdiag(λ1,λ2, · · · ,λn)QT,

Ù¥λi��",�λ1 < 0.

-B=Qdiag( n
|λ1| ,

1
|λ2| , · · · ,

1
|λn|)Q

T�½,�AB=Qdiag(−n,c2, · · · ,cn)QT,Ù¥ci =±1, i= 2,3, · · · ,n,

�tr(AB) =−n+ c2 + · · ·+ cn < 0,gñ.

({o)�y{.eA��½,ÏA¢�_é¡,��3��Ý
Q,¦�A=Qdiag(λ1,λ2, · · · ,λn)QT,

�λ1 < 0.

é?¿ε > 0,-B = Qdiag(1,ε, · · · ,ε)QT,KB�½,�AB = Qdiag(λ1,ελ2, · · · ,ελn)QT.

e∑
n
i=2 λi ≤ 0,Ké?¿ε > 0, tr(AB) = λ1 + ε ∑

n
i=2 λi < 0,�®�gñ;

e∑
n
i=2 λi > 0,�ε =− λ1

2∑
n
i=2 λi

> 0,d�tr(AB) = λ1− λ1
2∑

n
i=2 λi

∑
n
i=2 λi =

λ1
2 < 0,�®�gñ.

({Ê)�y{.eA��½,ÏA¢�_é¡,��3��Ý
Q,¦�A=Qdiag(λ1,λ2, · · · ,λn)QT,

Ù¥λi > 0, i = 1,2, · · · , p; λi < 0, i = p+1, p+2, · · · ,n. Ps = ∑
p
i=1, t = ∑

n
i=p+1 λi,Kt < 0.

-B = Qdiag(Ep,− s
t En−p)QT, KB�½, �AB = Qdiag(λ1, · · · ,λp,− s

t λp+1, · · · ,− s
t λn)QT. ?


tr(AB) = s− s
t t = 0,�®�gñ.

~��Ø1 Ï�A�½,¤±A = PTP.¤±AB = PTPB = PT(PBP−1)P,qdB�½,ÏdABA

����. Ï�ABÜÓuPBP−1, �ö�7´¢é¡Ý
, ¤±ØU^.5½n, Ã{�

�ABA����.

~��Ø2 7�5y²¥,Ï�A, B�½,¤±�3��Ý
Q,¦�A=Qdiag(λ1,λ2, · · · ,λn)Q,

B = Qdiag(µ1,µ2, · · · ,µn)Q.

~��Ø3 ¿©5y²¥,�λ1 < 0,�B = Qdiag(1,0, · · · ,0)Q. B��½,ØÜK¿.
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